Let (R, m) be a commutative Noetherian local ring, M be a finitely generated R-module and a, I and J be ideals of R. We investigate the structure of formal local cohomology modules of F i a,I,J (M ) anď F i a,I,J (M ) with respect to a pair of ideals, for all i ≥ 0. The main subject of the paper is to study the finiteness properties and Artinianness of F i a,I,J (M ) andF i a,m,J (M ). We study the maximum and minimum integer i ∈ N such that F i a,m,J (M ) andF i a,m,J (M ) are not Artinian. We obtain some results involving cossuport, coassociated and attached primes for formal local cohomology modules with respect to a pair of ideals. Also, we give an criterion involving the concepts of finiteness and vanishing of formal local cohomology modules andČech-formal local cohomology modules with respect to a pair of ideals. *
Introduction
Throughout this paper R is a commutative Noetherian ring (non-zero identity), a, b, I and J are ideals of R, and M be a non-zero finitely generated R-module. For i ∈ N, H i a (M) denote the ith local cohomology module of M with respect to a (see [5] , [15] , [20] ). This concept is an important tool in algebraic geometry and commutative algebra, and has been studied by several authors.
When (R, m) is a local ring, Schenzel [29] defined an object of study as follows. Let x = x 1 , . . . , x r be a system of elements of R with b = Rad(xR), andČ x denote theČech complex of R with respect to x. The projective system of R-modules {M/a n M} n∈N induces a projective system of R-complexes {Č x ⊗ M/a n M}. Consider the projective limit lim ← − (Č x ⊗ M/a n M).
For an integer i ∈ Z, the cohomology module H i (lim ← − (Č x ⊗ M/a n M)) is called the ith a-formal local cohomology with respect to b, denoted by F , showing the relation between formal local cohomology and projective limits of some local cohomology modules. An approach, but not least, was studied by Peskine and Szpiro [27, Chapter III] and Faltings [13] .
Through the concept introduced in [31] of local cohomology defined by a pair of ideals, the authors [14] introduced the notion of formal local cohomology defined by a pair of ideals. More explicity, for an integer i ∈ Z, the cohomology module H i (lim ← − (Č x,J ⊗ M/a n M)) called the ithČech a-formal cohomology with respect to (I, J), denoted byF These new definitions are a natural generalization of a-formal local cohomology with respect to b and a-formal local cohomology, both introduced by Schenzel [29] and discussed by Mafi [22] , Asgharzadeh and Divaaani-Aazar [2] , Gu [16] , Bijan-Zadeh and Rezaei [3] , and Eghbali [11] . However the isomorphism betweenF i a,I,J (M) and F i a,I,J (M) does not happen always, differently as the ordinary formal local cohomology.
About artinianness of the ordinary local cohomology, Huneke [19] ask when H i I (M) is artinian for an integer i. In general this question is not true (see [23] and [18] ). In this way, some results have been achieved such as, (1) 
is artinian for any finitely generated R-module M; (2) the characterization of the least integer s such that H s I (M) is not artinian, (3) H i m (M) is always artinian when (R, m) is a local ring and M finitely generated. For local cohomology defined by a pair of ideals, Chu and Wang [8] generalized (1) and (2) and gave other results in this context. About the generalization of (3) in this sense, Tehranian and Talemi [32, Theorem 2.10] have shown that H i m,J (M) is not artinian for some i ∈ N 0 , when J is a non-nilpotent ideal of a local ring (R, m) and M a finite R-module. We cite [26] for more interesting results involving artinianness of local cohomology defined by a pair of ideals.
The artinianness of formal local cohomology modules has been studied by Gu [16] , Asgharzadeh-Divaani-Aazar [8] , Mafi [22] , Bijan-Zadeh and Rezaei [3] , and Eghbali [11] . In this context was shown that, among other results, (1) For an local ring (R, m) and M finitely generated R-module of dimension d,F ) is not artinian} . The purpose of this paper is, using the concept of formal local cohomology with respect to a pair of ideals introduced in [14] , generalize (1), (2), (3) and give some results involving the inf{i | F i a,m,J (M) is not artinian}. Moreover, we give a characterization of prime attached of the F i a,I,J (M) and some results involving the concept of cosupport and coassociated primes.
The organization of the paper is as follows. In the next section, we will set the formal filter depth and formalČech-depth and study some elementary properties about this new concept.
After discussing basic properties about this new concept, in the Section 3 we discuss and give a clue about the non-artinianness for formal local cohomology modules with respect to a pair of ideals.
In the Section 4, we investigate the question of artinianness of formal local cohomology andČech-formal local cohomology modules with respect to a pair of ideals. The main result of this section generalizes (1) previously cited.
In Section 5, we study some results involving the concept of cosupport and coassociated primes. Also, we give a characterization of coassociated primes of top formal local cohomology modules with respect to a pair of ideals.
In the last section, we obtain some results on finiteness of
We give an important criterion involving the concepts of finiteness and vanishing of formal local cohomology modules andČech-formal local cohomology modules with respect to a pair of ideals.
For the other sections, assume always that R is a local ring with maximal ideal m, denoted by (R, m).
The Formal Filter Depth of Formal Local Cohomology Modules
Let M be a finitely generated R-module. Remember that a sequence x 1 , . . . , x n of elements in R is said to be an M-filter regular sequence if, for all p ∈ Supp(M) \ m, the sequence x 1 /1, . . . , x n /1 of elements of R p is an M-filter regular sequence [9] . For an ideal I of R, the f -depth of I on M is defined as the length of any maximal M-filter regular sequence in I, denoted by f -depth(I, M). When a maximal M-filter regular sequence in I does not exist, we understand that the length is ∞.
Proof. We will use induction on t. If t = 0, there is nothing to prove. Let
for all i > 0 [31, Corollary 1.13 (4)], so we have
for all i ≥ 0. Thus we may assume that Γ m,J (M/a n M) = 0. Let E be an injective hull of M := M/a n M for all n, and The next result shows that the formal filter depth is invariant by radicals. Proof. By [14, Theorem 6.7] we have that
Since the usual local cohomology is invariant by radicals, we have the statement. Proof. By Proposition 2.3, we may assume that exists x 1 , . . . , x n ∈ R such that b = a + (x 1 , . . . , x n ). We proceed by induction on n. However, it is sufficient to show only the case n = 1. By [14, Theorem 6.11] , there is the long exact sequence Our next result shows the relation between f −depthM and the greatest integer such that the formal local cohomology defined by a pair of ideals is non-zero. This result improves [16, Proposition 2.7 (1)]. Proposition 2.6. Let a, J be two ideals of (R, m), and let f −depthM < ∞. Then
The last equality follows by [14, Theorem 4.2] . Now, by Proposition 2.1 we have that ff −depth(a, m,
A natural question that arises when one is dealing on artinianness of formal local cohomology is to know if, for an finite R-module, the formal local cohomology is not Artinian for some integer i. The objective of this section is give some answer about this question.
For this purpose, we give an important and essential construction for our next result. In [31, Theorem 5.1], Takahashi and etal showed a generalization of the local duality theorem. More explicit, let (R, m) be a Cohen Macaulay complete local ring of dimension d and J be a perfect ideal of R, i.e, grade(J, R) = pd R R/J = t. Then, if M is a finitely generated R-module, then there is the isomorphism
for all integer i and
With this, in the context of formal local cohomology defined by a pair of ideals we have that
(M/a n M, S) is exactly the generalized local cohomology with respect to a (denoted by H
, introduced by Herzog [17] . Therefore
This shows the relation between the formal local cohomology defined by a pair of ideals and the Matlis' dual of certain generalized local cohomology with respect to a. Now we are able to show the next result, that generalizes [16, Theorem 2.16] . 
we can consider that R is complete. By Cohen's Structure Theorem, there exists a complete regular local ring (T, n) such that R ∼ = T /I for some ideal I of T . Set a 1 = a ∩I and
we may assume that R = T . Using the previous comment we have that 
Remark 3.2. By previous result follows that
F d−t b,m,J (M) is Artinian if H d−t m,J (M) is Artinian. The proof of the [31, Theorem 5.1] showed that H i m,J (M) = 0 for all i = d − t. Moreover, if J is non-nilpotent ideal of R, H d−t m,J (M) isF i a,m,J (M) ∼ = H d−t−i a (M, S) ∨ where (−) ∨ = Hom R (−, E R (K)), i ∈ Z.
Artinianness of Formal Local Cohomology Modules
One of the important problems in local cohomology is to investigate artinianness properties. The main purpose of this section is give some results about the artinianness of formal local cohomology andČech-formal local cohomology modules with respect to a pair of ideals.
Let t be an integer. It is well known that the local cohomology module H i I (M) is finitely generated for all i < t if, and only if, there is some integer r > 0 such that I r H i I (M) = 0 for all i < t. Similar results were obtained by Yan Gu [16] , Bijan-Zadeh and Rezaei [3] , and Mafi [21] in the context of ordinary formal local cohomology. More specifically,F i I (M) is Artinian for all i < t (respectively for i > t) if and only if there is some integer r > 0 such that I rFi I (M) = 0 for all i < t (respectively for i > t). The following theorem extends this previous result commented. 
we have by [14, Theorem 3.4 ] the long exact sequence
is artinian for all i > t, then we have the statement. From (♯), we can see that a ⊆ Rad(0 :F i a,m,J (M/Γ a (M))) for all i > t. Then, we can assume that Γ a (M) = 0. Let x ∈ a an M-regular element. By hypothesis, for all i > t, there is j i a positive integer such that x
for all i > t. This sequence provides that a ⊆ Rad(0 :
is artinian for all i > t by inductive hypothesis. Thereforě In the following we give an interesting result that improves [11, 
where cd(I, R/p) is the cohomological dimension of the R-module R/p with respect to I. 
is Artinian R-module. Then, there exist an integer n 0 such that for all integer t ≥ n 0 ; we have In some results, we will use the following elementary lemma.
Lemma 4.8. Let R be a commutative ring, and let M and N be R-modules.
Proof. Let x ∈ Ann R (M) ∪ Ann R (N), and let χ For the next result, remember that a non-zero R-module S is called secondary when S = 0, and for each r ∈ R, either rS = S or there exist n ∈ N such that r n S = 0. A secondary representation for an R-module M is an expression for M as a finite sum of secondary submodules of M. , where S k is p k -secondary for k = 1, . . . , n. Suppose by contradiction that a ⊆ p k for an integer k ∈ {1, . . . , n}. Then, there is an element x ∈ a \ p j . We may assume an element 0 = y = (y j ) ∈ S k ⊂ F i a,I,J (M) with y j ∈ S k be the first non-zero component of y. Proof. We will prove by induction on dimM := n. When n = 0, we haveF 
Note that xS
Since Γ a (M) is a-torsion, it follows thať
By hypothesis, we have thatF
is Artinian for all i > t. Now, we can consider the exact sequence
and split to the exact sequences
From these sequences, we deduce the following exact sequences
and
. (2) Since Kerϕ and Imgψ are Artinian, By the exact sequences (1) and (2), we obtain that ifF is Artinian, thenF
is Artinian. So, we may assume that Γ a (M) = 0.
Let x ∈ a \ ∪ p∈Ass R M p. It is known that dimM/xM = n − 1. Then, the short exact sequence
induces the following long exact sequence of formal local cohomology with respect (m, J). 
Coassociated and Cosupport Results
The concept of support and associated primes ideals of local cohomology were studied in great details. With respect to theory dual of this concept, not so much is known for formal local cohomology modules. The objective of this section is to investigate and give some results about the cosupport and coassociated primes for formal local cohomology modules with respect to a pair of ideals. Firstly an technical result that improves [22, Proposition 2.1].
Proposition 5.1. Let M be an finitely generated R-module. Then for all
Thus, as for all t ≥ n a t H i a (M/a n M) = 0 by Lemma 4.8 the proof is completed.
Lemma 5.2. Let a and J be two ideals of (R, m), M an R-module, not necessarily finitely generated, and S be a multiplicative set of R such that A prime ideal p ∈ R is called to be a coassociated prime ideal of an Rmodule M if there exist a cocyclic homomorphic image L of M such that p = Ann(L). The set of all coassociated prime ideals of M is denoted by Coass R (M) (see [33] ). In other words, when we consider an local ring (R, m),
. Furthermore, if a be an ideal of R, the following statement is true:
Theorem 5.4. Assume a be an ideal of (R, m). Let M be a finitely generated R-module with dimM = d. Then
where cd(I, R/p) is the cohomological dimension of the R-module R/p with respect to I. In particular,
Proof. The statement follow immediately by Theorem 4.5, Theorem 4.6 and [33, Theorem 1.14].
Analogously to Corollary 4.7, by previous theorem we have the following result.
Corollary 5.5. Consider a, I and J be ideals of (R, m). Let M and N are two finitely generated R-modules of dimension d such that Proposition 5.6. Let a and J be two ideals of (R, m) . Let M be a finitely generated R-module such that
Proof. By Theorem 4.12 and previous comment (i) and (ii) the result follows. When M is J-torsion R-module, we have the similar result for formal local cohomology modules with respect to a pair of ideals. By this result, for finitely generated R-modules M, we can see that [33, Corollary 1.18] (respectively [33, Corollary 2.9] ) we obtain that, if H 
where n := dimR/a + J.
Proof. By Lemma 5.10, [33, Theorem 1.21] and previous comment follow that
6 Finitenness ofF In this section, we investigate the finiteness ofČech formal local cohomology and formal local cohomology modules with respect to a pair of ideals. We give an important criterion for finiteness, and we show an especific case of non-finiteness forČech formal local cohomology and formal local cohomology modules with respect to a pair of ideals. The next result extends [16, Theorem 2.8].
Theorem 6.1. Let a, J be two ideals of (R, m). Let M be a finitely generated R-module and t ≥ 1 be an integer. The following statements are equivalent: With respect the relation of finiteness of the formal local cohomology with respect to a pair of ideals, we give the following result.
Corollary 6.3. Let a, J be two ideals of (R, m). Let M be a finitely generated R-module and t ≥ 1 be an integer. The following statements are equivalent: 
